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Introduction



Consider T € (0,00), d € N and sufficiently regular functions g: RY — R,
f0,T]XxRIXxRXxRY - R, pu: [0, T] x R - R, o [0, T] x RY — RI*,
u: [0, T] x R? — R such that u( T, x) = g(x) and

(%u)(t, x) + f(t, x, u(t, x), o(t, x)(Vyu)(t, x)) + (u(t, x), (Vyu)(t, x))

+1 Tracege (o (t, x)o(t, x)*(Hess, u)(t, x)) =0

for (¢, x) € [0, T) x RC.



@ Black-Scholes model Consider T, 5 > 0, & € R and
IX = aX + B X Zaw,

for t € [0, T], where (W;)c[o,7] is a one-dimensional Brownian motion.
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Theorem (Hairer, Hutzenthaler & J 2015 AOP)

LetT € (0,00), d € {4,5,...}, & € RY. Then there exist globally bounded
w, o € C(RY,RY) such that for every probability space (2, F,P), every Brownian
motion W: [0, T] x Q — R, every solution X: [0, T] x Q — R? of

dXy = (X)) +o(X)aw,, teo,T], X =¢&,

andevery YN: {0,1,...,N} x Q — R* N € N, with
VNeN,ne{0,1,....,N—1}: Y} = X, and

YrI;V+1 o leyv'i"ﬂ(yr,rv)ﬁ + U(Yr,:v)(W(n+1)T - WLT)

N N

(Euler-Maruyama approximations) we have V o € [0, 00):

im (v [EDxr] ~ E[][) = {° o

N—ro0 o a>0
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Plotof ||E[Xr] — E[YY]| for T =2and N € {2',22, ..., 2%}.
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Theorem (Gerencsér, J, & Salimova 2016)

LetT € (0,00),d € {2,3,4,...}, & € RY, (ay)nen C R satisfy

limy—soo av = 0. Then there exist globally bounded i, o € C*°(RY, R?) such that
for every probability space (2, F,P), every Brownian motion W: [0, T| x Q — R,
every solution X: [0, T] x Q — R of

dXy = p(X) dt + o(X)aw,, tefo,T], X =&,

and every N € N we have

31,...,.isr/:f€[0,T] u: Ri’of—ﬂRdE[HXT - U(WS1 o WSN) H:| 2 il
measurable

@ Dimension d > 4: J, Miller-Gronbach & Yaroslavtseva 2016 CMS

@ Weak convergence and d > 4: Miller-Gronbach & Yaroslavtseva 2016 SAA
(to appear)

@ Adaptive approximations and d > 4: Yaroslavtseva 2016
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_infq 20
inf E“xr—u(wz,wg,...,wr)u > . N E) *)
u: RNSR N N
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More than 100 stocks (= 20%) satisfy 2—‘2 < 11—0,



Let © = UpenR”, let (qg’/’p)k,/eNo,pe(o,oo),se[o,r) c 9,

(mg,l,p)k,IENo,pG(0,00)v (mlf(,l,p)k,IENg,pG(O,oo) C N, let (2, F, P, (Ft)tG[O,T]) be a
stochastic basis, let W? : [0, T] x Q — R? 6 € ©, be independent standard
(F?)+e[o,7)-Brownian motions, for every | € Z, p € (0,00), 0 € ©, x € RY,

s€[0,T), t€e[s T]let X;:Q’f: Q — RC, Di’f;’f: Q — R and
IL’Q?: Q — R'"9 pe functions, and for every 6 € ©, p € (0, 0) let
Uy, [0, T] x R x Q — RY*", k € Ny, be functions which satisfy for all k € N,

(s,x) € [0, T) x R that

U?p(s,x)
— m ) 7977_i - 7977_i

ol pRCA AR ER UG AR RTTULC) PO
I=0 =1 mg:’vﬂ oo

+o(.0) + 32> 30 T a0 o0 e 000)

—ILN(/)f<t Xk—/,p,(@,/,i) U(G,—/,i,t)(t Xk—/,p,(e,/,/))ﬂ Ik—/,p,(@,/,i).

X,8,t [/—1]+,p X,S,t X,S,t



Allen-Cahn equation

relative approximation error
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Figure: Relative approximation errors 1 5°1°, [u3" (0,5)—v| for p € {1,2,...,5} against the
average runtime in the case d = 1 (u(0, x) & v = 0.905). Right: Relative approximation
increments (% s \U'f;[l]hpﬂ(O,XO)7U1,;[71K],(O,XO)\)/(%0\ e u;’};](o,xo)|) forp € {1,2,3,4}
against the average runtime in the case d = 100 (u(O, xo) ~ 0.317).

Numerical simulations in MATLAB with an Intel i7 CPU with 2.8 GHz Intel and 16 GB
RAM.



Pricing with different interest rates for borrowing and lending
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Figure: Relative approximation errors —— >1° |u',;[‘},(o,x0)7v\ for p € {1 12y ,7} against the

0[]
average runtime in the case d = 1 (u(O, xo) ~ v = 7.156). Right: Relative approximation
increments (1‘—0 s \U'f;[ﬂyﬂ“(O,XD)—U";[B(O,XO)\)/(%0\ o U;‘Y[;](O,xo)|> forp € {1,2,...,6}
against the average runtime in the case d = 100 (u(O, xo) ~ 21.299).




Runtime needed to compute one realization of Uéﬁ(o, Xo) against dimension
d € {5,6,...,100} for the pricing with different interest rates example.
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