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What is Set Optimization?

e Minimizing a scalar-valued objective function f: Q — R over a non-empty set 2:
x € Q minimal solution < f(x) < f(x) forall x € Q.
e Multiobjective optimization: Minimizing a vector-valued objective function
f:Q—R"
over a non-empty set €2:
x € Q efficient solution < ({f(Xx)} —RT)NF(Q) = {f(X)}.
e Set optimization: Minimizing a set-valued objective function

F: Q=R F(x) CR™.
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Why Set Optimization?

transport robots, finance, socio economics, ...

Bilevel optimization: upper level function

F(x) = {fu(x,y) € R™ | y solves lower level problem P(x)}

Uncertain values F(x) = {f(x)} + B(0, r(x))

Robust multiobjective optimization F(x) = {f(x,£) € R" | £ € U}, eg.,
F(x)={f(x+2z) € R" |z € Z} (see later in this talk)

Khan, Tammer, Zalinescu,

Set-valued optimization — an introduction with applications, Springer 2015.

Hamel, Heyde, Léhne, Rudloff, Schrage,

Set Optimization: A Rather Short Introduction, In: Set Optimization and Applications —
The State of the Art, Springer 2015.
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Outline

Multiobjective Optimization and Optimality Notions

Set Optimization and Optimality Notions

Example: Uncertain Multiobjective Optimization

Multiobjective Replacements

Vectorization | (for convex-valued problems)

Vectorization |l

Uncertain Multiobjective Optimization
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Multiobjective Optimization Problem (MOP)

min 5 st. x € Q (MOP)

with functions f;: R” = R, j=1,...,m and feasible set ) C R".

Applications are for instance

optimal portfolio with minimal risk and maximal return

optimal design with minimal weight, maximal stability

optimal treatment plan in medicine which destroys tumour, spares healthy organs

optimal mixing with minimal energy and maximal mixing quality
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Optimal Solutions of a MOP

In general, there is no point x € Q with
x € argmin{fj(x) | x € Q} forall je{1,...,m}

at the same time!
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Optimal Solutions of a MOP

In general, there is no point x € Q with
x € argmin{fj(x) | x € Q} forall je{1,...,m}

at the same time!

Equivalent conditions in single-objective optimization for a minimal solution x € Q:
o f(x) < f(x) forall x € Q
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Optimal Solutions of a MOP

In general, there is no point x € Q with
x € argmin{fj(x) | x € Q} forall je{1,...,m}

at the same time!

Equivalent conditions in single-objective optimization for a minimal solution x € Q:

o f(x) < f(x) for all x € Q (for MOP strongly efficient point, in general there is none)
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Optimal Solutions of a MOP

In general, there is no point x € Q with
x € argmin{fj(x) | x € Q} forall je{1,...,m}

at the same time!

Equivalent conditions in single-objective optimization for a minimal solution x € Q:

o f(x) < f(x) for all x € Q (for MOP strongly efficient point, in general there is none)

o x € Q with f(x) < f(x) implies f(x) = f(x)
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Optimal Solutions of a MOP

In general, there is no point x € Q with
x € argmin{fj(x) | x € Q} forall je{1,...,m}

at the same time!

Equivalent conditions in single-objective optimization for a minimal solution x € Q:

o f(x) < f(x) for all x € Q (for MOP strongly efficient point, in general there is none)

o x € Q with f(x) < f(x) implies f(x) = f(x) (for MOP efficient point, next slide)
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Optimal Solutions of a MOP

In general, there is no point x € Q with
x € argmin{fj(x) | x € Q} forall je{1,...,m}

at the same time!

Equivalent conditions in single-objective optimization for a minimal solution x € Q:

o f(x) < f(x) for all x € Q (for MOP strongly efficient point, in general there is none)
o x € Q with f(x) < f(x) implies f(x) = f(x) (for MOP efficient point, next slide)

e there is no x € Q with f(x) < f(x)
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Optimal Solutions of a MOP

In general, there is no point x € Q with
x € argmin{fj(x) | x € Q} forall je{1,...,m}

at the same time!

Equivalent conditions in single-objective optimization for a minimal solution x € Q:

o f(x) < f(x) for all x € Q (for MOP strongly efficient point, in general there is none)
o x € Q with f(x) < f(x) implies f(x) = f(x) (for MOP efficient point, next slide)

e there is no x € Q with f(x) < f(x) (for MOP weakly efficient point, soon)
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Efficient Points of a MOP

A point X € X is efficient for min,cq f(x) if it
holds for all x € Q with

filx) < fi(x) foralli=1,....m

that f(x) = f(x),
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Efficient Points of a MOP

A point x € X is efficient for minycq f(x) if it £
holds for all x € Q with

filx) < fi(x) foralli=1,....m

that f(x) = f(x), i.e., there is no x € Q with
fi(x) < fi(x), i=1,...,m and with

fi(x) < fi(x) for at least one j € {1,..., m}.

Equivalently: ({f(X)} — RT) N £(Q) = {£(X)} .

Then we call f(x) nondominated. > fi
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Efficient and Weakly Efficient of a MOP

A point x € Q is efficient for min,cq f(x) if there is no x € Q with
filx) < fi(x) foralli=1,...,m,
and fj(x) < fi(kx) for atleast one j € {1,..., m},

i.e., if

{f(x)} = RE)NF(Q) = {f(X)} .
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Efficient and Weakly Efficient of a MOP

A point X € Q is efficient for min,cq f(x) if there is no x € Q with

filx) < fi(x) foralli=1,...,m,
and fj(x) < fi(kx) for atleast one j € {1,..., m},

ie., if
({F(x)} = RE) N F(Q) = {F(x)} -
A point x € Q is weakly efficient for min,cq f(x) if there is no x € Q with

filx) < fi(x) foralli=1,...,m,

i.e., if

0.

({f(x)} — int(RY)) N F(Q2)
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Weakly Efficient Points of a MOP

A point x € Q is weakly efficient for min,cq f(x)
if there is no x € Q with

fi(x) < fi(x) foralli=1,...,m
i.e., if
({f(x)} —int(RT)) N F(Q) =0 .

Then we call f(x) weakly nondominated and
write X € argwMin(f,Q,RT).

f2

o
N

images of efficient points
nondominated points
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Weakly Efficient Points of a MOP

f2

A point x € Q is weakly efficient for min,cq f(x)
if there is no x € Q with

fi(x) < fi(x) foralli=1,...,m

ie., if L

{f(x)} —int(RT)) N F(Q) =0

f

Then we call f(x) weakly nondominated and  images of weakly efficient points
write X € argwMin(f,Q,RT). weakly nondominated points
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Approximate Weakly Efficient Points of a MOP

Let ¢ > 0. A point X € X is e-weakly efficient for min,cq f(x) if there is no x € Q with
filx) < fi(x)—¢e foralli=1,...,m,

ie., if
{f(x) —ce} —int(RT)NF(Q) =0 .
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Approximate Weakly Efficient Points of a MOP

Let € > 0. A point x € X is e-weakly efficient for minycq f(x) if there is no x € Q with
filx) < fi(x)—¢e foralli=1,...,m,

ie., if
({f(x) —ee} —int(RT))NF(Q) =0 .

For ¢ > 0, we write cargwMin(f,$2,R77), and call its elements c-weakly efficient solutions.
For ¢ = 0, we write argwMin(f,Q,RT), and call its elements weakly efficient solutions.
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Set Optimization Problem

with

min F(x)

Q C R" nonempty and closed,
F:R™ = R™ a given set-valued map such that Q C domF and
F(x) compact for all x € Q (and sometimes: convex)

sometimes | J,cq F(x) bounded,

(SOP)

C C R™ a closed, pointed, solid and convex cone, here: C = R'T, and e € intC, here:

e=(1,...,1)T € RT, a given element.
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Binary Relations for Set Optimization

We take in the talk as ordering cone C = R'7 in Y = R, but results apply for any closed,
pointed, convex and solid cone C C R".

(i) the u-less order relation is defined by: A<, B:< AC B—- C,
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Binary Relations for Set Optimization

We take in the talk as ordering cone C = R'7 in Y = R, but results apply for any closed,
pointed, convex and solid cone C C R".

(i) the u-less order relation is defined by: A<, B:< AC B—- C,
(ii) the /-less order relation is defined by: A<, B:< B C A+ C,
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Binary Relations for Set Optimization

We take in the talk as ordering cone C = R'7 in Y = R, but results apply for any closed,
pointed, convex and solid cone C C R".

(i) the u-less order relation is defined by: A<, B:< AC B—C,
(ii) the /-less order relation is defined by: A<, B:< BC A+ C,and
(iii) the set less order relation is defined by: A<; B:< A<, Band A</ B.

w7
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Let « € {/,u,s}. We denote X € Q a minimal solution of (SOP*) if

VxeQ: Fx)<s FR) =  F(R) < F(x).
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Definition

Let « € {/,u,s}. We denote X € Q a minimal solution of (SOP*) if
VxeQ: F(x) =« F(X) — F(x) <« F(x).
We denote x € Q2 a weakly minimal solution of (SOP*) if there is no x € Q with
F(x) <« F(x)

where
A=< B:i+= BCA+int(RY}), A<,B:<= ACB-—int(R})

A<sB:«~— A<, BNA<,B.
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Uncertain Multiobjective Optimization

Let:

e f:R" x Rk = R™ be continuous,
e Q C R" be nonempty and closed,

e U C R¥ be nonempty and compact (the so called uncertainty set).

The uncertain multiobjective problem associated to this data is:

min f(x, u)
x ] uel (UMP)
st. xeQ
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The Scalar Case

Let m = 1.

(UMP)

15
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The Scalar Case

Let m = 1.
n fx.
{ min £(x, ) ]ueu} (UMP)

Robust counterpart problem:

min sup f(x,u)
X ueu (RCP)
sit. x €

Solutions of (RCP) are called robust for (UMP).
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Robust Counterpart Problem for m > 2

Consider Fy : R” = R™ given by Fy(x) = {f(x,u) e R |ueclU}.
Robust counterpart problem:
min Fui(x)

(RCP)
st. x €

Recall: x € Q is a weakly minimal solution of the set optimization problem (RCP) w.r.t.

* = uif

BxeQ: Fu(x) C Fy(x) —int(RT).
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Uncertain Multiobjective Optimization Problem

min f(x, u)
x lueu (UMP)
sit. xeQ

Definition (Ehrgott, Ide, Schobel 2014, Ide, Kobis, Kuroiwa, Schobel, Tammer 2014)

x € Q is a robust weakly minimal solution of ({MP) if it is a weakly minimal solution
of (RCP) (w.rt. x =u), i.e,

BxeQ: Fy(x) C FRyx) - int(RT"),

where
Fu(x) =A{f(x,u) e R" |uelU}.
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State of the Art for Set Optimization

There are just a few approaches to numerically solve set optimization problems, for instance

for polyhedral convex sets [Schrage, Lohne 2013]

scalarization based, e.g., [Kdbis, Kobis 2016]

for finite families of sets [Giinther, Kdbis, Popovici 2019]

derivative-free descent method [Jahn, 2015]
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State of the Art for Set Optimization

There are just a few approaches to numerically solve set optimization problems, for instance
e for polyhedral convex sets [Schrage, Lohne 2013]
e scalarization based, e.g., [Kébis, Kébis 2016]
o for finite families of sets [Giinther, Kdbis, Popovici 2019]
e derivative-free descent method [Jahn, 2015]

We propose approaches based on solving (finite dimensional) multiobjective replacement
problems.
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Theorem

Let c: Q — R™ and r: Q — R,. Let the ball-valued map F: Q = R™ be defined by
F(x):={c(x)} +{y € R" | |lyll2 < r(x)} for all x € Q.

Then X € Q is a minimal solution of (SOP®°) if and only if X is an efficient solution of

s (o %) ()
x€Q \In —e) \r(x)

w.r.t. the ordering cone Ri’", where I, is the m-dimensional identity matrix and e is the
m-dimensional all-one vector.
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How to Solve Set Optimization Problems?

For F(x) convex for all x € Q, similar to a result in [Jahn, 2015], it holds for x!, x? € Q:

) ) ) . T : T
F(<) <1 FO®) & VEERT\{O}: min, (Ty< min (Ty.
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How to Solve Set Optimization Problems?

For F(x) convex for all x € Q, similar to a result in [Jahn, 2015], it holds for x!, x? € Q:

F(x}) =, F(x?) & Y¢eRT\{0}: m|n (Ty < min 0Ty
() <1 F(2) T\{0}: min £y < min,

Theorem
(a) X € Q is a minimal solution of (SOP') if and only if there is no x € Q such that

Ve e RT\ {0 m|n ¢Ty < min 0Ty and EIZER’" 0 min /Ty < min ET
$A0) ere) T T yerty Y MO} veF()~ S peF(x)

TECHNISCHE UNIVERSITAT
ILMENAU



How to Solve Set Optimization Problems?

For F(x) convex for all x € Q, similar to a result in [Jahn, 2015], it holds for x!, x? € Q:

F(x}) =, F(x?) & Y¢eRT\{0}: m|n (Ty < min 0Ty
() <1 F(2) T\{0}: min £y < min,

Theorem

(a) X € Q is a minimal solution of (SOP') if and only if there is no x € Q such that

Ve e RT\ {0 m|n ¢Ty < min 0Ty and EIZER’" 0 min /Ty < min ET
$A0) ere) T T yerty Y MO} veF()~ S peF(x)

(b) % € Q is a weakly minimal solution of (SOP') if and only if there is no x € Q such that

Ve e RT\ {0 min /Ty < min €T
MO : min £y < min,
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Minimal Value Function

Let £ € RT \ {0} be given. The corresponding minimal value function /i, : Q — R is
defined by

lmin(x) 1= min ly.
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Minimal Value Function

Let £ € RT \ {0} be given. The corresponding minimal value function /i, : Q — R is

defined by

i — in 4T
Lenin(x) = yénl_l(nx)ﬁ y.

A simple first sufficient condition for a minimal solution x € Q:
If it holds £min(X) < fmin(x) for all x € Q\ {x}, then X is a minimal solution of (SOP').

Hence, by solving minycq min(x) we can determine (weakly) minimal solutions of the set
optimization problem!
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Example |

F : [r, 37] = R? with

F(x) = {y € R?

y =2 <°°S(X)> +r (Cf’s(t)> ,ref0,R(x)], te [0,2%]}

sin(x)
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Example Il

For /1 :=(1,0)7, (2 :=

©.1)",

the minimal solutions X'.

23

=

L (1,1)T: the graphs of ¢/ . and the sets F(X') to

05 o8 3
. .
0
1 14 1
: B -
25 °
.
: : b Qg
2 2 0} 2
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Main ldea:

Study
lrvin(%) miny (o () Ty
min é%ﬁin(x) = minyeF(x)(gz)Ty
xeQ 3 ) AT
mln(X) mlnyEF(X)( ) y
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The multiobjective replacement problem

To a finite nonempty list £ = {¢*,... 05} C{y € RT | ||ly|| = 1} we assign the
multiobjective optimization problem

with £ := (¢ ... ¢k )T R" — RX, and, as before, ¢/ . : Q — R,
0 (x) = min (¢ Ty

forall i e {1,..., k}.
e Gerlach, Rocktaschel, On convexity and quasiconvexity of extremal value functions in set optimization,
Applied Set-Valued Analysis and Optim., 2021.

e Eichfelder, Gerlach, Rocktaschel, Convexity and continuity of specific set-valued maps and their
extremal value functions, J. of Applied and Numerical Optim., 2022.
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How to Find Weakly Minimal Solutions of (SOP)?

Let £={¢',....05} C{y e RT | |ly[| = 1}.

Theorem
The weakly efficient solutions of (MOP ) are weakly minimal solutions of (SOP'), i.e.,

argWMin(fE,Q,Ri) C argwMin'(F,Q,RT).

We do not have:
° argMin(fg,Q,Ri) C argMin/(F,Q,Rﬁ’r’)
e argwMin(fz, Q,RX) O argwMin!(F, Q, RT)
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e Choose £ = {(1,0) ", T.(0,1)T} (three or more)
o Q= {x!x%}

o Fix")={yeR?||lyll <1}

o F(x?) =conv({(1+¢)(=1,0)T, (1 +¢&)(5

s

)T, (1 +¢€)(0,—1)"}), where

Sk

I

1 . ;
1—/1—=min||¢/ — W3
4 %

Sk

I\.)\l—l
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Weakly Minimal Solutions of (SOP) - Example

Y2 5

> Y1
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Is There a Nice 'cs-connection’?

For every € > 0 there exists a finite L = L(c) such that,

argwMin'(F,Q,RT) C eargwMin(fz, Q, Rl_fl).
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Is There a Nice 'cs-connection’?

Theorem

For every € > 0 there exists a finite L = L(c) such that,

argwMin'(F,Q,RT) C eargwMin(fz, Q, Rl_fl).

It follows:

argwMin(fL,Q,le') C argwMin/(F,Q,RT) C eargwMin(fg,Q,RLf|).
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Y2

x! € argwMin(F,Q,RR2)
xt ¢ argwMin(fz, Q,R3)
(F,Q,R2)
(

x? € argwMin(fz, Q,R3)

x? € argwMin

30
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x! € argwMin F,Q,Ri)

y2
xt ¢ argwMin(fz, Q,R3)
x% € argwMin(F,Q,RR2)
x? € argwMin(fz, Q,R3)
We see: x* € cargwMin(fz, Q,R3),
e~ 0.04
7
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e x! € argwMin(F,Q,R2)

o x! ¢ argwMin(fz,Q,R3)

e x? € argwMin(F,Q,R2)

o x? € argwMin(fz,Q,R3)

e We see: x! € cargwMin(fz, Q,R3),
e~ 0.04

e We can prove:

Y2

x! € argwMin(F, Q,Ri) -

sargwMin(fﬁ,Q,Ri)

Y1
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e x! € argwMin(F,Q,R2)

o x! ¢ argwMin(fz,Q,R3)

e x? € argwMin(F,Q,R2)

o x? € argwMin(fz,Q,R3)

e We see: x! € cargwMin(fz, Q,R3),
e~ 0.04

e We can prove:

Y2

x! € argwMin(F, Q,Ri) -

sargwMin(fﬁ,Q,Ri)

Y1
fore ~ 1.12
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Suppose that
U= sup {Hy” |y € U I\/Iin(F(x),Rf)} < 400.

xEQN

Let € > 0 be given and L be a finite set with

g
{yGRT\IIyH:l}CE+EB
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Theorem

Suppose that

U= sup {Hy” |y € U I\/Iin(F(x),Rf)} < 400.

xEQN

Let € > 0 be given and L be a finite set with

g
{yGRT\IIyH:l}CE+EB

Then
argwMin(fz, Q,RX) C C cargwMin(fz, Q,RX).
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Finite Dimensional Vectorization Property (FDVP)

Definition

We say that (MOP/) satisfies the finite dimensional vectorization property (FDVP) if

Vx € argwMin/(F,Q,RT) 3L CRT\ {0}: |[£| < 0o AX € argwMin(fg,Q,R‘fl)
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We say that (MOP/) satisfies the finite dimensional vectorization property (FDVP) if

Vx € 3L C R\ {0}: |£] < 00 A x € argwMin(fz, 2, RIE)

Let Q be convex, Q2 C int(domF). If gphF is convex, then (MOP) satisfies (FDVP).
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And Other Set Order Relations?

For F(x) convex for all x € Q, similar to a result in [Jahn, 2015], it holds for x!,x? € Q:

1 2 m : T T
F(x*) <y F(x?) & Ve RP\{0}: yg;__a&l)ﬁ ygyg;__ezz((z)ﬁ y.
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For F(x) for all x € Q, similar to a result in [Jahn, 2015], it holds for x!, x? € Q:

F(x') <, F(x?) & VLeRT\{0}: Ty < Ty .
(x*) (x*) 7\ {0} [max Ly < max [y

Theorem

(a) x € Q is a minimal solution of (SOP") if and only if there is no x € Q such that

V¢ e RT\ {0 max (Ty < max ¢'y and EIZE]R’" 0 max /'y < max @T .
7\ {0} y< max (7 V(0 max 7Ty < max
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And Other Set Order Relations?

For F(x) convex for all x € Q, similar to a result in [Jahn, 2015], it holds for x!,x? € Q:

FO) <u F() & VLERTA{O}) - max L1y < max {1y

Theorem

(a) x € Q is a minimal solution of (SOP") if and only if there is no x € Q such that

Ve e RT\ {0} : rgg);)ETy< rgg())(()ETy and EIZE]R’"\{O} m;())(()ETy< rgg();)KT

(b) x € Q is a weakly minimal solution of (SOP") if and only if there is no x € Q such that

vl e RT\ {0} : max)E y < mFa(x)E y.
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(MOP) for Other Set Relations

For finite, nonempty sets £ = {¢*, ..., (P}, U = {¢PT1 ... ¢PT9} CRT\ {0} we define the
multiobjective optimization problem:
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(MOP) for Other Set Relations

For finite, nonempty sets £ = {¢*, ..., (P}, U = {¢PT1 ... ¢PT9} CRT\ {0} we define the
multiobjective optimization problem:

minyer( £ (y)

minycr(x) £P(y)

. ) p+q
min fz 1(x) = T w.rt. RE (MOP(L,U))
xeQ max, e r(x) P (y)
+
max, ¢ £(x) £P79(y)
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And for Nonconvex Sets F(x)? Motivation:
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And for Nonconvex Sets F(x)? Motivation:

Definition
X is a vector approach weakly minimal solution of (SOP) if there exists y € F(x) such
that (x,y) is a weakly efficient solution of the multiobjective optimization problem

wp v
s.t. (x,y) € gph F, (MP1)
x € Q.
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And for Nonconvex Sets F(x)? Motivation:

Definition

X is a vector approach weakly minimal solution of (SOP) if there exists y € F(x) such
that (x,y) is a weakly efficient solution of the multiobjective optimization problem

min y
X7.y

s.t. (x,y) € gph F, (MP1)
x € Q.

We know that:

X vector approach weakly minimal solution = X € argwMin'(F, Q. RT).
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And for Nonconvex Sets F(x)? Motivation:

Definition

X is a vector approach weakly minimal solution of (SOP) if there exists y € F(X) such

that (x,¥) is a weakly efficient solution of the multiobjective optimization problem
min y?
Xyt

s.t. (x,y') € gph F, (MP1)

x € Q.

argwMin, (MP1) := {x eR" | Ty € R™: (x,y) € argwMin (MP1)} C argwMin/(F, Q. RT).
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Vectorization Il—Motivation

We know that:

argwMin, (MP1) C argwMin(F,Q, RT).
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Vectorization Scheme

For p e N :
yl
min :
X7y17"'7yp
yp
s.t (X7y1) € gph Fa (MPP)
(x,yP) € gph F,
x € Q.
Question:
?
argwMin, (MP,) C argwMin'(F, Q, RT).
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Relationships between (M7P,) and (SOP’)

Theorem

The following inclusions hold:

U argwMin, (MP,) C argwMin'(F,Q,RT) = ﬂ U e argwMin, (MP),).

pEN e>0 peN
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p

The following inclusions hold:

U argwMin (MP,) C = ﬂ U e argwMin, (MP,).

pEN e>0 peN

Corollary

Ve>0,3peN: argwMin, (MP,) C C cargwMin, (MP,).
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Solutions of (M7P,) in the Image Space

We have:
LJ argwMin, (MP,) C argwMin(F,Q,RT)
peN

Theorem

Suppose that €2 is compact and gph F is closed. Then,

pEN

VxeQ, Ixedl (U argwMin,, (MPP)) . F(x) <! F(x).
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Finite Dimensional Vectorization Property

We have:
argwMin, (MP,) C argwMin'(F, Q. RT)
peEN
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Finite Dimensional Vectorization Property

We have:
U argwMin, (MP,) C argwMin'(F, Q. RT)
peN

We say that (SOP') satisfies the finite dimensional vectorization property (FDVP) if

3 p € N: argwMin, (MP,) = argwMin’(F, Q,RT).
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(a) Suppose that Q2| < +oc. Then,
(SOP!) satisfies (FDVP) with p = Q| — 1.
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(FDVP) for (SOP'): Discrete Case

Theorem

(a) Suppose that |Q2| < +oo. Then,
(SOP!) satisfies (FDVP) with p = Q| — 1.

(b) Suppose that sgg IMin(F(x),RT)| < 400 (in particular if the values of the set-valued
X

objective mapping have finite cardinality). Then,
(SOP') satisfies (FDVP) with p = sup |[Min(F(x),RT)|.

xeN
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(FDVP) for (SOP'): Discrete Case

Theorem

(a) Suppose that |Q2| < +oo. Then,
(SOP!) satisfies (FDVP) with p = Q| — 1.
(b) Suppose that sgg IMin(F(x),RT)| < 400 (in particular if the values of the set-valued

objective mapping have finite cardinality). Then,
(SOP') satisfies (FDVP) with p = sup |[Min(F(x),RT)|.

xeN

Example: F(x):={f(x,u) | ue U}, where f : R" x U — R™ and [U| < 0.
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(FDVP) for (SOP'): Polytope Case

Suppose that F is polytope-valued and that sup |ext(F(x))| < +oo. Then,
xeQ

(SOP') satisfies (FDVP) with p = sup lext(F(x))|.
XE
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(FDVP) for (SOP'): Polytope Case

Theorem

Suppose that F is polytope-valued and that sup |ext(F(x))| < +oo. Then,
xeQ

(SOP') satisfies (FDVP) with p = sup lext(F(x))|.
XE

Example: F(x):={y € R™ | Ay < f(x)}, where A € Rk*X™ and f : R" — Rk
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(FDVP) for (SOP'): Convex Case

Theorem
Suppose additionally that €2 is convex, gph F is convex, F is locally bounded around any

point in .
Then,

(SOP') satisfies (FDVP) with p :== n+ 1.
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Scalarization of (MOP.)-Relation to (MP,)

For v € RY consider

i o P
bl (Vlyg";&) D)+t i <>)
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Scalarization of (MOP.)-Relation to (MP,)

For v € RY consider

gl /P
i (0, 400+ -+, )

= min ( min (vif*)(y!) + ...+ min (fop)(yp)>

x€Q \ yreF(x) yPEF(x)
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Scalarization of (MOP.)-Relation to (MP,)

For v € RY consider

o (P
bl (Vly;“;&) D)+t i U)

— 1 ; P\(\,P
= min (y min, () )+--.+yp@g(lx)(vpf )y ))

T T
= min w' (y, ., yP)
(x.yt,....yP)EgPhFP

where w = (vif1, ..., v,fP)T € (RT)P and
gphFP := {(x,y!,...,yP) | Vi € [p] : (x,y') € gphF}.
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Uncertain Multiobjective Optimization Problem

Definition (Ehrgott et al. 2014)
x € Q is a robust weakly minimal solution of (UMP) if it is a solution of (RCP), i.e.,

BxeQ: Ry(x) <y Fu(x),

where Fy(x) = {f(x,u) | u € U}. The set of robust weakly minimal solutions is denoted
by argwMin(UMP).

he SPIRIT  TECHNISCHE UNIVERSITAT
of scie ILMENAU



Uncertain Multiobjective Optimization Problem

Definition (Ehrgott et al. 2014)
x € Q is a robust weakly minimal solution of (UMP) if it is a solution of (RCP), i.e.,

AxeQ: Fy(x) <y Fu(x),
where Fy(x) = {f(x,u) | u € U}. The set of robust weakly minimal solutions is denoted

by argwMin(UMP).

A=<y, B+ (A-R7)° <, (B-RY})".
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Uncertain Multiobjective Optimization Problem

Definition (Ehrgott et al. 2014)

x € Q is a robust weakly minimal solution of (UMP) if it is a solution of (RCP), i.e.,
AxeQ: Fy(x) <y Fu(x),

where Fy(x) = {f(x,u) | u € U}. The set of robust weakly minimal solutions is denoted

by argwMin(UMP).

A=<y, B+ (A-R7)° <, (B-RY})".

We need something like ...see Part 2
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