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Math Quantization

A time-line

Quantization was...
@ Conceived by Sheppard in 1897 [S1897]

o Studied in the 50’s at Bell Laboratory [GG1992], with applications to
Information Theory and Signal Processing

o Established as a Numerical Method to compute (conditional)
expectations, in the early 90’s [GL2000]

@ Since the late 1990’s extensions to inf-dim case and applications:
e signal processing and trasmission
e model-based clustering in Statistics
e pattern and speech recognition
e space discretization tool for non-linear problems
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Optimal Vector Quantization: visual idea

Approximate a (real-valued) random variable admitting a continuum of
values with one valued ina finite set of cardinality IV:

Density Quantizer

Figure: Picture taken from [MRKP2018].
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Optimal Vector Quantization: practice

On (Q, %,P) consider

@ X, R-valued random variable

@ AN-gridTI'={xp,...,xn} €R
The quantization of X on I' is given by the nearest neighbour projection of
XonTI:

X :=Projp(X) = in]lci(r) X),
i=1

where (C;(I) jeq1,..., A7 is @ Voronoi partition of (R, B(R)):

C,-(l")c{yelR: ly—xil = lmil}vly—le}c ¢, i=1,...,N.
<j<
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Optimal Vector Quantization: practice
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Figure: Example of Voronoi cells associated to a given grid in R.
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Optimal Vector Quantization: practice
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Figure: A 2-dimensional 10-quantizer I" = {xy, ..., X1o} and its Voronoi diagram.
Picture taken from [P2004].
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Optimal Vector Quantization: in practice

The grid T is chosen in order to minimize the so-called L’-mean
quantization error (p = 1), that is

R 1/p
epnX, D)= 1X =X (| o) = ( fR min, lz—xj/Pu(da)|

with p the distribution of X. In finite-dimension, (almost) all the related
questions have been investigated and answered. For any N € N, there exists

a unique quadratic optimal N-quantization of A4(0,1).1

Ihttp://www.quantize.maths-fi.com/gaussian_database
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Math Functional Quantization

Functional Quantization

o Consider a stochastic process (X;) rc[o,7] as a random vector taking
values in a space of functions (I2([0, T1,R%), (f,g) = fOTf(t)g(t)dt).

o The Karhunen-Loéve expansion of the process is crucial!

PROBLEM:

o The K-L expansion of a process is not always available (it is, e.g. for
Brownian motion and Brownian bridge).

o "In practice, true optimal quantizers of a process X are out of reach for
numerical use..." [PP2005]

SOLUTION: "...but some rate optimal sequences of quantizers do have
some semi-closed form." [PP2005]
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Math Functional Quantization

Product Functional Quantization

On (Q, %, (F1) te[0,T),P) consider a continuous real-valued centered Gaussian process
X=X ¢e[o,17:

o0
Xe:= Y yu®)én, tel0,T], o))
n=1

with {¢ ) pen © €((0, T1) and {¢ 3} e i.1.d. standard Normal r.v.s.
Then a product functional quantization of order N of the process is given by

m
xt= Y yam@” @
n=1
where d = (d(1),...,d(m)) e N, ]'[].’Z1 d(j) < N and, for every ne {1,...,mj}, EZ(") is the
(unique) optimal quadratic d(n)-quantization of the standard Gaussian random variable ¢,
on the quantizer [4(" = (x;, .., Xd(n)}-
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The Riemann-Liouville process

Also know as Type II fractional Brownian motion, or Lévy fractional
Brownian motion, it is a Volterra process:

Consider a unitary time interval [0, 1]. A centered Gaussian process
ZH = (ZH)¢(0,1) is a Riemann - Liouville process, with Hurst index

He(0,3), if:
t
Zﬁ::f (t-9H2aw,,  teo,1]. 3)
0

~  ZMi=w.

° H:%
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Product Functional Quantization of the RL process
The RL process for different values of H
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Figure: Picture taken from [V2004].
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A series expansion for RL process

A result in [LP2007] guarantees that the following process has the same
distribution of a continuous version of the RL process Z:

vi=Y vllwe,  telon], (4)

n=1
where
o {¢,}n=11is asequence ofi.i.d. standard Normal r.v.s,

e {y!l},- is a sequence of functions in €0, 1], given by:
yH (@)= fot(t—s)H_%\/Ecos(@s) ds, te[0,1], neN.
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The quantization of the RL process

For every n= 1, discretize &, via ¢ Z(" Projram (¢ ), over the (unique)

optimal grid 4" = {xd(") . Zi((:’))} (with d(n) = 1, [T/", d(n) < N), setting:
Z v 8"
@ The corresponding product functional d-quantizer of Z" is
m d m
20 = Yy P, i= (. € 14, dom) ®)
n=1 n=1
@ The probability associated to every trajectory y :
m

PZP=y) = [[ P&, e G, @4™)). ®)
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Error estimation

For any natural number N = 1, there exist m* (N) €N and dy, e N "N with l'['" dy() =N,
such that

H,dx H )2 -H
1219k - M2, | 1% < Klogv) ™,
with
2H+1
dy(m) = {Nm ® D) (m* (V) 2w |, n=1,...,m*(N).

Furthermore, we have

m* (N) =0 (log(N)), asN — +oo.
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The quantizer for the RL process

Quantizer of the R-L process, H=0.5, N=100

Quantizer of the R-L process, H=0.5, N=10

o8 10 oo 0z 04 06 08 10
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Rough Bergomi mode!
Rough Fractional Stochastic Volatility models

o These models are extensions of classical stochastic volatility models.

@ The volatility is driven by a rough process.

o This idea is supported both by empirical:

@ Fukasawa, M.; Takabatake, T. and Westphal, R. ;Is volatility rough? Mathematical Finance, 2022.
@ Fukasawa, M.; Volatility has to be rough; Quantitative Finance, 2021.
@ Gatheral, J.; Jaisson, T. and Rosenbaum, M.; Volatility is rough; Quantitative Finance, 2018.

and theoretical studies?:

@ Alos, E; Leon, J. A. and Vives J.; On the short-time behavior of the implied volatility for jump-diffusion models with
stochastic volatility; Finance and Stochastics, 2007.
@ Fukasawa, M.;Asymptotic analysis for stochastic volatility: martingale expansion; Finance and Stochastics, 2011.

2https://sites.google.com/site/roughvol/home
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Rough Bergomi mode!
Rough Fractional Stochastic Volatility models

Equity markets models have to:

o reproduce the S&P 500 (SPX) implied volatility surface,

o calibrate the VIX Futures.
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Rough Bergomi mode!
The rough Bergomi model [BFG2016]

Denote with X the log stock price and with 7 the variance process (vp(-) is
the initial forward variance curve, a market input),

1 t t
—Ef %ds+f v/ VsdBs, Xo=0,
0 0

Vo (£) exp (ZVCHZ,H - %tﬂ{), Y% >0,

X

()
Vi

where

._ |/ __2HI(3/2—-H) see
o CH = TH+1/2TC—20) ° v pOSlthe constants,

@ Bi=pW++/1- p2WL, with p € [-1,1], W and wt orthogonal
Brownian motions,
o 7= [i(t- $)H=3 dW, is a Riemann - Liouville process.
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o The VIXis the Chicago Board Options Exchange’s (CBOE) Volatility
Index.
https://www.cboe.com/tradable_products/vix/

o Itis areal-time market index that measures the stock-market’s
expectation of volatility on a 30-day horizon (A).

o It is built from the Call and Put options on the SPX.

o The continuous-time monitoring formula for the VIX is given by
[IMM2018]:

1 T+A
VIX7:=E Z/ A Xs, XY | Fr

T

1 T+A
_1 f EVilFrds.  (8)
Alr
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VIX Futures

@ On March 26, 2004, the CBOE introduced the VIX Futures, making the
VIX a security.

o Each VIX Future represents the expected implied volatility for the 30
days following the expiration date of the Futures contract itself, that is
the forward implied volatility.

o These derivatives are the most liquid derivatives on Equity volatility.
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VDX and VIX utures

Pricing formula for VIX Futures

The price of a VIX Future (maturity T) is computed as in [JMM2018]:

QZT =E [VIXT|,90]

1
1 [T+A 2vCyy 21T W (2 2 )
- (ZfT Vo(t)e(v” i ar EQR

with yy(#) as above, and A equal to thirty days.
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VDX and VIX utures

The process to be quantized

ZH,T,A i

The centered Gaussian process s

T 1
ZiTA ::f (t—s)H 2dW,, te [T, T+Al
0

What do we need?
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VDX and VIX utures

The process to be quantized

The centered Gaussian process Z/7' 12 is

T
Zh A :=f (t-9T"2dW,, te [T, T+Al (10)
0

What do we need?

~~ series expansion for 7714
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The process to be quantized

The centered Gaussian process Z/7' 12 is

T
Zh A :=f (t-9T"2dW,, te [T, T+Al (10)
0

What do we need?

~ series expansion for Z/" 1A \/

~+ product functional quantizer for 274 \/

... leading to

1
=T 2

—~d 1 [T+ SHTAd L Y 2 L2 2
VXS = (_fT UO(t)exp{th’ = +7 K(s) ds—fo K(s) ds)}dt)

0
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JRLELICCIN  VIX and VIX Futures

Error bound on the pricing of VIX options

Theorem

Let F: R — R be a globally Lipschitz-continuous function and d € N for some
me€ N. There exists 8 > 0 such that

Nl—=

|E1F (v - [ F(VIXT)|| < R E [HZH'T’A _pHTAd iz[”M] an
Furthermore, for any N = 1, there exist m*T(N) €N and € > 0 such that, with
d; € 9%(]\0,
‘[E[F(VIXT)] —E [F(Vﬁ‘;”) < Clog(\V) 1. 12)
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EIRISSIBENNICEN  VIX Futures pricing

Assumptions

We set the following values for parameters:

e H=0.1,
e v=1.18778,

and consider two possible (qualitative) scenarios for the initial forward
variance curve vy:

1. vo(t) = (0.234)2,
2. vo(8) = (0.234)%(1 + 1)2.
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EIRISSIBENNICEN  VIX Futures pricing

Comparison with MC, Scenario 1

VIX Futures Price, Scenario 1 Absclute difference with the Monte Carlo, Scenario 1
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Figure: Approximated price computed with quantization and with Monte-Carlo
[JMM2018] as a function of the maturity 7, for different numbers of trajectories, in case 1.
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EIRISSIBENNICEN  VIX Futures pricing

Comparison with MC, Scenario 2

0.28

0.26

0.24

VIX Futures Price, Scenario 2

Absolute difference with the Monte Carlo, Scenario 2
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Figure: Approximated price computed with quantization and with Monte-Carlo
[JMM2018] as a function of the maturity T, for different numbers of trajectories, in case 2.
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Summary

Summary

We have obtained product functional quantizers (and the
corresponding errors) for rough Gaussian processes.

We have applied this to VIX Futures pricing.

@ We have an alternative to Monte-Carlo simulations.

More products priced (as per referees’ request!) in the paper: ATM Call
on VIX and variance swaps.

What about in the future?

e Control variate.
o Calibration.
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Thanks for your attention!

Giorgia Callegaro ) Functional quantization of rough vola 29/33



The expansion for Z# 14

Z[TA Z TS0, e (T, T+Al

where

@ {{n}n=11s asequence of i.i.d. standard Normal r.v.s,

) {1//H TA} n=1 is a sequence of functions in €[ T, T + A], given by:
H (n 1/2) ) 1 1
HT'A(Z)= &A)lf() +A (% u]H 2 cos(muydu
-1tz
Var+nH (n—1/2) (n—1/2) (n—1/2)
= a1 cos( oA m][ 12( T+A t,hl]—(”z( TTA (t—T),hl)]
(n-1/2)""*2
_((n=1/2) (n-1/2) (n 1/2
+nsm[ﬁm)( ( T t,hg] (/2[ (t— T)hz])}
2h 1 5 13
(k(z,h).zﬁle(h,k,lJrh,—Zn ZZ), forke{E E}‘ a3)
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